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ABSTRACT
The results of  the p a r t ia l  wave analysis of TT-p and p-p 
scatter ing in Bev energy ranges are reviewed, and i t  is pointed out 
that these results suggest a saturated Gaussian d is t r ib u t io n  of  the 
ine las t ic  c o l l is io n  matr ix elements squared. The large angle p-p 
scattering is analyzed in terms of  e f fe c t iv e  po ten t ia ls .  Analysis 
of Orear's empirical formula indicates the possible forms of  the 
potentia ls :  The potent ia ls  are characterized by th e i r  re g u la r i ty
at the o r ig in .  Similar  potent ia ls  are derived from Markov's modified 
f i e l d  theory. The results  from the potential approach and Markov's 
theory are compared with experiment. Among the possible in teract ion  
models, the simplest one, scalar in teract ion gives the best resu lt  
in both cases. From such analysis a semi-empirical formula is 
obtained which reproduces the experimental results very precise ly .  
Physical in terpretat ions of  Markov's theory are also discussed.
I .  INTRODUCTION
The purpose of this  d isser tat ion  is to study the simplest possible 
reaction, e la s t ic  scatter ing at high energies. There are several reasons 
which make the e la s t ic  scatter ing in teres t ing ,  even though the e la s t ic  
channel is one of  the many channels which are open at high energies:
(A) Through the optical theorem, the forward e la s t ic  amplitude re f le c ts  
in a simple way the influence of a l l  other channels,
p
I m f  ( 0) *  CTtot  ( 1- 1)
In th is  respect the e la s t ic  scatter ing channel stands out in s i g n i f i ­
cance, even though i t  is but one of  the many open channels.
(B) Even for non-forward e la s t ic  scat ter ing ,  the d i f f r a c t io n  region 
contains useful information re lated to a l l  other in e la s t ic  processes.
(C) Another important aspect in which high energy e la s t ic  scatter ing  
singles out i t s e l f  is re la ted with the dynamics involved at very small 
space-time separations. High energy e la s t ic  scatter ing data reveal 
in teresting and unexpected features, which seem to indicate the inade­
quacy of the present theoretical understanding of these phenomena.
The e la s t ic  scatter ing being k inematically  the simplest kind of reaction  
possible, i t  carr ies  a test-ground for new theoret ical ideas on 
fundamental p a r t ic le  dynamics.
1
In the past, Rutherford's formula for e la s t ic  scatter ing of  
two charged objects has been modified when the incident energy of  the 
c o l l id in g  p a r t ic le  became high enough to penetrate the Coulomb f i e l d  
and experience nuclear forces. I t  was c lear  that one cannot explain  
the propert ies o f  the nuclear forces in terms of electromagnetic 
in teract ion.  In order to account for  such forces, Yukawa^ introduced 
the hypothesis of heavy quanta. Now pion physics is the most important 
part of  the physics of  strong interact ion.
In recent years, especia l ly  by the remarkable success of  on - l ine  
computer experiments developed at the Brookhaven National Laboratory,  
many amazing features of the e la s t ic  scatter ing of high energy pa r t ic le s  
are exposed. The expected shrinkage of the d i f f r a c t io n  peak is not 
observed in ff -  p scatter ing ,  which indicates that Regge theory w i l l  
not work in i ts  simplest form. So returning to the usual theory of  
shadow scatter ing,  Van H o v e ^  and o t h e r s ^  derived the Gaussian 
behavior of shadow peak under suitable  assumptions on production 
ampli tudes.
Another remarkable discovery is the p re c ip i ta l  f a l l - o f f  of  the
d i f f r e n t i a l  cross section, in the region of large momentum tran s fe r ,
with increasing energy. Perhaps th is  is the most s t r ik in g  behavior of
e la s t ic  scatter ing at high energies. This behavior can be well described
(Zi)
by Orear's empirical formula
3Where p{ is transverse momentum, s is the invariant center of mass 
energy squared,A and a are constants. Since then many attempts were 
made to derive th is  re gu la r i ty  from more fundamental basis. Unfortu1* 
nate ly ,  the results from these attempts seem to be s t i l l  in q u a l i ta t iv e  
stage, and fa r  from being the complete description of  the whole 
phenomena. For. such-a - theoretical approach, i t  seems to be worth while  
to get a precise description of the experimental results by some semi- 
empirical formula.
Within the last two years, many a u t h o r s ^  have performed phase 
s h i f t  analysis on ff -  p and p-p e la s t i c  scatter ing data at high energies. 
In Chapter | l , th e i r  results  are analyzed and i t  is shown that the 
gross features of  shadow scatter ing can be characterized by a saturated  
Guassian d is t r ib u t io n  of  the in e la s t ic  c o l l is io n  matrix. The accuracy 
of the approximation method seems to be not enough to analyze the large 
angle scatter ing.
In Chapter III a phenomenological analysis of the large angle 
p-p scatter ing is made, based upon an e f fe c t iv e  p o te n t ia l .  Information  
about the possible forms of  the e f fe c t iv e  potentia l is obtained by 
analyzing Orear's formula. Suggested by th is ,  possible forms of  a 
r e l a t i v i s t i c  potential are proposed, and s ta r t ing  from the simplest 
possible p o te n t ia l ,  large angle scatter ing cross sections are ca lcula ted,  
and compared with experiment. Among possible types o f  in teract ions ,  the 
scalar in teraction gives a better  f i t .
The shape o f  the proposed potentia l  is character ized by i ts  
re g u la r i ty  at the o r ig in .  In Sec. 3 of  Chapter II I , i t  is shown that  
potentials of s im i lar  character can be derived from the f i e ld  theory 
proposed by M a r k o v , ^  and the results are compared with the experi ­
ments in more d e t a i l .  In th is  case again, the model of  sealar-Markov-  
p a r t ic le  exchange gives a better  f i t  to the exist ing data. However, 
i f  the energy dependence in the interference term, which arises by 
mixing the t -  and u- channels, is increased, then among 50 experi ­
mental points ava i lab le  to us, 48 points l i e  on the calculated curves 
within  th e i r  s t a t i s t i c a l  errors. In th is  respect the semi-empirical  
formula obtained seems to work much be t te r  than Orear's or ig ina l  
empirical formula, from which we have started.
As is discussed in Sec. 3, Markov's theory involves speculative 
elements in i t s e l f ,  such a s a  H i lb e r t  space with in de f in i te  metric.  
But, as Yukowa^ pointed out, Markov's theory can be regarded as a 
phenomenological description of  the extendedness of p a r t ic le s .  We 
should note that in high energy c o l l is ions  many p a r t ic le  exchange 
is important, and such an exchange can be thought of  as a single  
extended partic le-exchange. Therefore, within the framework o f  th is  
model, single Markov-part ic le  exchange is regarded as an approximate 
description of  many p a r t ic le  exchanges.
I I  SHADOW SCATTERING
I . Phase Shi f t  Analysi s
Phase s h i f t  analysis has been a convenient tool in the analysis
o f  low energy scatter ing .  But in high energy c o l l is io n s ,  phase s h i f t
analysis becomes d i f f i c u l t ,  since the number of the dominant p a r t ia l
waves increases with energy. However, there are reasons to believe
that  the high energy e la s t ic  scatter ing is mainly shadow scatter ing.
When shadow scatter ing is dominant, the imaginary part  of the
scatter ing amplitude is expected to be much larger than the real par t .
/o\
According to recent measurementsv '  the real part  is not so small as 
was expected; however, the main part  o f  the scatter ing cross section 
s t i l l  seems to come from the imaginary par t .  Therefore, the following  
assumption may be allowed as a f i r s t  approximation:
( i )  The real part of the scatter ing amplitude may be neglected. This 
assumption s im pl i f ies  the phase s h i f t  analysis considerably, since 
(do/dD)l is now proportional to the scatter ing amplitude i t s e l f ,  and 
the harmonic analysis o f  the l a t t e r  gives the p a r t ia l  wave amplitudes:
= f ( 2- 1)
On the other hand, the u n i t a r i t y  of  S- matr ix requires
( 2- 2)
5
6from which we get
f i  -  T i T  (>/' -  h r  e 2 i 4 x - ' j  <2-3)
where and are the e la s t ic  and the in e la s t ic  c o l l is io n  matrix  
in the angular momentum channel I .
Now assumption ( i )  leads to
r ( l  cos 2 V  *  i* 2 (cos e ) ( ® ) i  (2 ' 1°
® g
I f  we make a more r e s t r i c t i v e  assumption:
( i i )  All  real phase sh i f ts  6^ are very small, i . e . ,  6 ^ 0 *  Then the. square 
of  the in e la s t ic  c o l l is io n  matr ix can be calculated from (2 - 4 ) .
This allows us to estimate the in e la s t ic  and the tota l cross sections 
in each channel by
inel(T, = J L  (2£ + 1) |m^J2 (2-5)
po
^  (2£ + o  o  -  >/’ ~ - K r >  (2 ‘ 6)
po
(9)This method of  approach was proposed by D. ( to and S. Minami' '  in 1955 
and was applied to the analysis o f  the cosmotron experiments. At that  
t ime, experimental measurements were not accurate enough, nevertheless,
7the fol lowing results were obtained: The most e f fe c t iv e  angular
momentum <£> for in e la s t ic  process is , for example, about 2 in 1.4  
Bev it -p c o l l i s io n ,  and i t  increases with energy. But the e f fe c t iv e  
co l l is io n  parameter defined by
< p > = —  « 0 .8  x 10' 13cm ( 2- 7)
po
is almost independent of center of mass momentum, pQ. This result  
seems to suggest that the high energy scatter ing re f le c ts  the space-time 
structure of the p a r t ic le .
In the last  few years, stimulated by Regge's theory, more 
accurate and extensive measurements were performed, ^ ^  and p a r t ia l  
wave analysis has also been carr ied out by many authors' . In the 
next section the c h a rac te r is t ic  feature o f  these results w i l l  be pointed 
o u t .
2. Angulsr Momentum D is t r ibu t  ion of the In e la s t i  c Col 1ision M atr ix  
Elements.
The square of  the in e la s t ic  c o l l is io n  matr ix  fM^J3 can be 
calculated from the p a r t ia l  wave amplitudes. Typical examples are 
given in Figs. la  and lb. The d is t r ib u t io ns  seem to be Gaussian^
In f a c t ,  the sol id  l ines in each f igure  are the f i t s  by Gaussian curves.
The width of the d is t r ib u t io n  increases with energy, but as is seen 
from Fig. 2 a l l  the points from the data of d i f fe r e n t  energies seem to 
l ine  up on the same Gaussian curve, i f  they are p lo t ted  on the scale 
of impact parameters defined by
_  £> + i
P =  po (2-8)
Therefore the d is t r ib u t io n  w i l l  be f i t t e d  by
| M j 3 = exp ( -  p3 /p3 ) for n -  N (2 -9a)
[M^ 3 = exp ( -  ) for  N-N (2-9b)
The sol id curves in Figs. 2a and 2b are the plots o f  (2 -9)  for  
Pc = 0 .2  x 10 ^3cm
po = 0 .8  x 10" 13cm ( 2- 10)
The above results indicate that the d is t r ib u t io n s  o f  ]M^J3 can be 
approximated by saturated Gaussian d is t r ib u t io n s .  Some ir re g u la r  
f luctuat ions  are observed in the smaller p region, and there also e x is t  
evidences indicating 6 . can no longer be neglected, however, the hicherXf
the energy, the b e t te r  the f i t s .  I t  may be said that the asymptotic
propert ies of  the e la s t i c  scat ter ing are characterized by the saturated
Gaussian d is t r ib u t io n s .  In order to see th is ,  a . , , O’ cr „ and’ i n e l ’ t o t ’ eJL
the angular d is t r ib u t io n  is calculated s ta r t in g  from ( 2- 9) .
.3
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m  S  ( 2* 1) ( l  -  ^1 -  Px (cos e> ( 2- 11)
| f ( e ) | 2. dn =  - J -  s  (2X+D (  1 -  \/"l -  | M j a )  (2 -1 2 )
po j8 /
" in e l  - p f -  J  <2^ ' )  l ^ r  ( 2- ' 3 )
° t o t "If 2  ( 2* 1) ( l  - J l - l H j * )  ( 2- 1* )
These quantit ies are estimated by approximating the summation 
I by integrat ion over the impact parameter p defined in ( 2- 8) ,  then: 
-  N col 1 is ion, they are calculated as
a inel = 2ff J'o P exP E-
« (%  C1 + \ f * ‘  jj£ + (2 - ,5a)
21T J“  p  dp Q  -  \J\ -  exp ] )a tot
» ( £  ( I  -  £n2) + 1.267 ( | S ) +  2 ( £ ^ ]  (2 -1 5b)
° . £  "  a to t  -  " in e *  ( 2- ,5 c )
for the values o f  p and p given in ( 2- 10) ,  the results  are given 
in table  1.
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Table 1. N-N Col l is ion
UeJL f f in e l CTtot ^ e i /^ t o t
Calculated 9 . 64mb 30 .3mb 39.9mb 0.242
Experiments at 9.64mb 29. 9mb 39.5mb 0.244
Pl= 19.6 Bev/c ±0.012
For ff-N Col 1 is ion. the formulae corresponding to (2-15) are obtained by
putt ing  p = 0 , and using the same p , we get the results in table  2 . c o
Table 2. f f - N  Col l is ion
a e i i^nejfc a tot ‘V ff to t
Calculated 4 . 56mb 20.1 mb 2 4 .7mb 0.1785
Experiments at
p !=20 Bev/ r L c
4.39±0.32mb 21 . 2±0 . 5mb 25. 6±0 . 5rnb 0 . 172±0.037
In this case the forward peak of  shadow scatter ing can also be examined 
as follows: I f  Legendre function is approximated a Bessel function
PA (cos if>) Jo ((4. + i )  2 sin | )  (2-16)
Then
f  (<p) ipQ J“  pdp l l  -  \ j  1 -exp ( -  - j f -  ) Jq (2ppQsin ^  ) (2-17)  
°  ^  J
_a
By expanding the integrand in powers of exp ( -  ) , and in tegrat ing,
one gets
■£>
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(2n)i
f  (<P> «  ip 0  nS  z 2 n + 2  [ ( r t f e x P ( '  T ^ T J  )  ( 2 - , 8 )
Where &  s .  (2 pQ sin ^  ) , is the momentum transfer  sqaured. From 
( 2- 18) we see that the e la s t ic  scatter ing cross-section w i l l  behave as
dt ~ v Y '  / -  • • •  ( 2“ 19)
in the region of  small A. By comparing this  with the usual d e f in i t io n  
of opt ical radius
do '  i t  S ( 2 - 2 0 )
d t  e A
we get
r  myj2 p  = 1 . 1 3  x  10_13cm ( 2 - 2 1 )
°  (12,)
which is compared with the experimental value
R = (1.11 ±  0.02) x 10",3 cm (2-22)
We have also calculated the angular d is t r ib u t io n  of  e la s t ic  
scatter ing
F (P) = k ^  ;=| 5  -  \ / ’ -  |MJ 2 ) <P)f ( 2- 23)
by taking the sum over 4 (up to 4 = 15 for ff-N and 4=41 for N-N).
The results reproduce the general behavior of the experimental data, 
but the predicted large angle scatter ing seems to give smaller cross- 
section in ff-N case and larger cross-section for N-N case. This is 
expected because the large angle scatter ing is very sensit ive to small 
f luctuations in the p a r t ia l  wave amplitudes, spec ia l ly  those of small 
4 ^ '3^; since the analysis of the large angle scatter ing w i l l  require 
accuracy beyond such a method, we need to propose another approach. 
This is done in the next chapter.
I l l  EFFECTIVE POTENTIAL APPROACH 
TO LARGE ANGLE p-p SCATTERING AT HIGH ENERGIES
1. Motivation
In th is  chapter, large angle p-p scatter ing is treated via an 
e f fe c t iv e  p o te n t ia l .  The motivation of  such an approach can be 
reasoned as follows:
Within the framework of meson theory, e la s t ic  scatter ing can 
be treated by the v i r tu a l  emission and absorption of  the f i e l d  quanta; 
but in high energy and large angle scatter ing the nucleon seperation 
impact parameter is very small and therefore one has to account for  
many v ir tua l  p a r t ic le  exchanges. This turns out to be a very complicated 
problem. So le t  us begin with the descript ion of such a complicated 
s i tua t ion  by some e f fe c t iv e  potential in order to get general in for ­
mation about i t .  For s im p l ic i ty ,  we shall assume ( in  Sec . .2)  that  
the e f fe c t iv e  potentia l is instantaneous. In very high energy 
co l l is io ns  th is  approximation might be a good one, because the 
c o l l is io n  time is very short.  Useful knowledge about the shape of  
the e f fec t ive  potentia l can be obtained from Orear's imperical formula.
We r e a l iz e  that the concept of  n o n - r e la t i v is t ic  potentia l  
applied to r e l a t i v i s t i c  s i tuat ion  is not only doubtful but may be 
meaningless, nevertheless a knowledge of such an u n re a l is t ic  potentia l  
w i l l  lead to i ts  generalizat ion (Sec. 3 ) ,  namely a propagator, which 
hopefully can be derived from more basic considerations (Sec. 4 ) .
2. E f feet ive  Potentiai
We assume that large angle p-p e la s t ic  scatter ing can be 
described by an e f fe c t iv e  p o te n t ia l ,  and to that end-we consider,  
among others, the fol lowing two interact ion Hamiltonians:
15
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Hg ( t )  = i  jdr dr' V (7 - 7') p (7, t )  p ( r ! , t )  ( 3 - la )
Hv ( t )  = i  jd7 dr' V (7 -  7') (7, t )  <7* , t )  ( 3 - lb )
where V ( r )  is the e f fe c t iv e  p o te n t i a l , p ( r ,  t)  and J ( r ,  t )  are 
density (Lorentz scalar)  and 4-vector  current of  the proton, respectively .
We wish to ca lcu la te  the scatter ing amplitude from (3 -1)  and 
compare i t  d i re c t ly  with the experimental data to obtain information on 
V ( r ) .  This is simply done by using Orear's empirical formula and 
imposing the v a l id i t y  of  the Born approximation. There might be some 
objection to such a simple-minded approach, as we have stressed i t  in 
the introduction of th is  chapter. These objections are neglected at 
th is  point ,  bearing in mind that further  development w i l l  not only 
finable us to give a physical in te rpre ta t ion  to the approximation made, 
but i t  w i l l  also resu lt  in an invariant Hamiltonian.
The Schrodinger equation in in teract ion representation ( in  units  
where h = c = 1) is
i -  Ha ( t )  $<t) (A = S or V) (3-2)
or
= [ l  ■ 1 J4* HA( t l )  d t ' +
=  U ( t )  3  ( — ) ( 3- 3)
From (3-3) the elements of  U -  matrix in the Born's approximation 
can be wr it ten  as
< Pife |u ( t )  I P i ° i ° >
< PiRa |p i° f t3°>  -  ' J*  d t 1 < P i ftg | HA( t ' )  | P i ° f e ° >  ( 3-^)
■00
As spin effects  are unimportant at high energy c o l l is io n s ,
the proton is described by scalar f i e l d  
t
tf>(x)
( 2it) k  
where
0  ( . K  e ' P -X -  ■£ = ' ' P' X I (3-5)
a j* : ann ih i la t ion operator o f  proton
b ^  : creation operator of anti-proton
and
p(x)  = J  (x) <fi(x). ' ( 3- 6a)
J^(x) = 1 #(x) (9^ -  1^) 0 (x) (3—6b)
We can now insert (3 -6)  in (3-1) and obtain a f t e r  tedious but simple 
calcula t ions the fol lowing  
<PiFfc | HA( t )  | Pi°ft3°>
"  6 (Pi+&3- P i ° “Pa°) < Pi Pa | Ha Pi°fts°> e " l ^Wo"W^ t (3 -7)
where
.  1 fC S *" 1? -  .
<  P i Pa H P iP a  >  =  / '2 va I • ", ■ * V = ----------  V ( P i - P i )  +
(P?+Pa)u  ( » P i ) u v (?1 .  -  , 
I f^EiEaESEj
(3-9b)
V (p) V ( r )  e Ip ’ r d3 r (3-10)
Writing equations (3 -9 )  in center of mass system
< ? 15 , ) h s | 5 ? S >  ~ - i h  ( V ( p 0 - a  +
o
v (po+p)) (3-1 la)
| HV | K S  [ o  ♦ ® ‘ > v (?o-K)+
ip0 -p)s -  
(> +1?P----- ) ’ V(P0 + P)
o J
and using ( 3- 7) ,  equation ( 3~^) can be w r i t ten  as
( 3-1 lb)
< Piifc |U ( t j |  p i S  > = 6 (Px + Pa° -  P i - fe )  < P \W ( t ) |  pQ > s [T
( 3 - 12)
where
6 (p-p ) + 6 (P*? ) i(w-w ) t
< p W ( t )  ?  > = -  °  ° W-W -  1Co
<Pifa 1 Ha 1 PiP3> (3-13)
sFT
To obtain the scatter ing amplitude we observe that  the wave 
function in re la t iv e  coordinate is
and then use the asymptotic form of the plane wave
eIP„ r ~  Tpr [ 6 (nr ‘  V  ®iPr " 6 (n r4° p ) + (3" 15)
where 0  ^ and 0^ denote the direct ion o f  the vectors r and p respectively ,  
and
i(w-w ) t
{iffl w-w . i °  “  « (w-“0) (3-16)
o
to obtain
ft -  6 "  „ I  *  “ < P \ H \  P >ipQ -r + e ip° r UlT3 podpo -- I u I ~  ^ e 'por (3-17)
/ T  { 2  * “o ' 1 °
From the above re su l t ,  together y i t i j  (3-1 l)_foXIows
. | V(p -p) + V (p +p)
fS<«> - - W -  ■ 5 T  : -------- — f = ------- —  <3- ,8a>
^ ^ —♦ *4 «
E 1 /P 4p» 2 .p -p )*5
f  (9) -  _2 ±  ( i  ♦ I _ S _ L  ) v (? -p) + ( 1+ - 2 --------  )•
v < T  AEa °  4E2o o
V (po+ p) ( 3- 18b)
Now le t  us consider equations (3 -1 )  in the s ta t ic  approximation, 
then the scatter ing amplitude is proportional to the Fourier, component 
of  V (r )  corresponding to the momentum transfered in the c o l l is io n ,  A, 
therefore i f  we te n ta t iv e ly  replace transverse momentum in Orear's  
formula by momentum tran s fe r ,  we obtain
n J*
Uq being the potentia l  energy of  proton at rx -r3 = 0 
Therefore le t  us take
20
^ ia a?U
V ( r ) = s ) 3
a4li
k. ( r®+aa )a 
and then i t  follows
11^  (a3 MU.) 8
for  scalar in teract ion
for  vector in teract ion
-aA -aA'l2
32 E2
o' ^  e + e I
( 3- 20)
(3-21)
fl3 (a3 E U )a 
_______ o o
32 [ " *
* 1  ) . e- 3^ ( | +^ _ )  e ' ^ 1' 
UE3 4E3o o
( 3- 22)
where
A ~ J PQ-P and A' a  | Po+p (3-23)
An idea l iza t ion  of  the above analysis would be to assume that
the in teract ion leading to large angle scatter ing is highly Lorentz
contracted. This is not unphysical, since in high energy c o l l is io ns
the " c o re - f ie ld "  responsible to the large angle scatter ing might be
strongly Lorentz contracted. Such an approach was proposed by 
(14).
Fermi ' .  in 1950 to account for pion production in high energy co l l is ions ,
In order to take into account this contraction phenomenological Iy ,
( 15)el 1 ipsoidat ly  contracted non-central potent ia l  is assumed' * , Among 
others ,  we assume vector contracted in teract ion.
HcV( 0  a I  J  d7d" ‘ J^ °  ( r . t )  V ( r - r ‘ ) J^° ( 7 , t )
21
(3-24)
where
V ( r )
U a 
‘  Q
V ) .  *? + /» + z3
(3-25)
+ a2 -j2
Now, the Fourier transform of  V( r )  is substituted in (3 -18b)
to give
f  (0) -  ■z^ —_ U a3 M 
cv 4 ^  0
( P0+P>3 I / * 
( I + “ 4 e| --------> e x P | - a ^ p t +  E3
m2 2 M £
■( I -cos©)'
M
4Ea
o
) exp
M3 ps
(1 + cos0) ( 3- 26)
from which follows
, d0\
( dnJcv ~  32
(V Ma3 ) 3 ^ ( 1 +
pa ( 1+COS0)
I 2EC
-) exp - a \ K +M3 (1 -cos©)'
p ( l - c o s 0 K  r I
+ ( 1+ ----------------  j  exp \  -aWp® + M^(l+cos0)'
2E3o
(3-27)
In Fig. (3) equation (3-27) is p lot ted as a function of p  ^
together with the experimental data, wi th the following choices of 
parameters:
F I G .  3 * = DIDDENS et. al.
• ;COCCONI et. al.
I : P a b =  I I • I B e V / c  
I'-?* e= 30-7BeV/c
-TG
B (BeV/c )
22
23
U ■ 0.2445 Bav o
0.302 ( Bgv/c) ** 2m
ff
(3-38)
Next, we shall  assume that  the real part of  the e la s t ic  
scatter ing amplitude is euqal to the amplitudes calculated above, then 
the r a t io
Re J M
Hoylm f(0  
w i l l  be
1J3 ( uoa3 )_________  j£ _
{2  a . . .  poEo
scalar in teract ion ( 3 - 29a)
tot
F  *  Eo
ffto t  p
—  vector in teract ion (3 “29b)
vfz“ n3 (u W )
^ to t  po
-ii- contracted vector in teract ion ( 3 - 29c)
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Recently f i v e  groups have independently measured this  r a t i o  at  
d i f fe r e n t  energies K . So f a r  the ir  resu l ts  are not inconcistant  
with any o f  the equations above. In Fig. (4) we have shown the 
experimental data, together with the predict ions of equations (5**b) and 
(5^c), For the vector in teract ion we use aQ = 2.7(Bev/c)-  \ | J "  0.1 Bev and fo r  
contracted vector in teraction we use the same parameters as in (3 -2 8 ) .
These parameters are e s s e n t ia l ly  f ixed by comparing the slope o f  Orear's  
plo t ,  and from extrapolation o f  Orear's p lo t  to 0 = 0 degree, respect ive ly .
The assumption that the large angle scatter ing amplitude is real
/ | £ \
is an extreme one as opposed to the analysis of  Henley and Muzinich , 
and others where they take the conventional view point and assume that  
the large angle scatter ing amplitude is purely  imaginary.
We conclude th is  section by examining the behavior of the 
d i f f r e n t i a l  cross sections at small angles
26
and at large angles 
dcrEs ( —  )o vdn J
JL ( t o )
ca \d f i /
* X a3>3 M“ - 2 a i  «   g  e
9U3 (Uoa3 ) 3 
32"
($)\ 'cv
„  ' M T ' f V 3 )*  M3
32
-2aA
;-2apt
(3-31)
As is seen from the above resu l ts ,  the scalar in teract ion model, 
Hs , gives s im i la r  cross section as Orear's  new empirical formula' y at 
least for 0 s 60 degrees. Vector in teract ion model, H , leads to the
exponential behav i o r ° f  ( £ ) v / &  - t o t ) s , and contracted vector model 
(17)H , leads e s s e n t ia l ly  to Orear's old empirical formulaC V
3. Relat iv i st ic Generalizat ion
The analysis of Sec. 2 can be summerized as
A) The empirical formula (1 -2)  implies the gross structure o f  the 
T-matrix to be *
/ a" -ap^ -* r* I -n I ^ 2 f  ( s , t)  v A< PlPa ( t | piPa >  = «= (3-32)
B) I t  is possible to describe the large angle scatter ing in terms of  
a p o te n t ia l .
C) The e f fe c t iv e  potential (3-20) y ie lds
d£T Ot efA\ " 2aA
So «* 3 f W> 3 (for large A (3-33)
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where f (4 )  depends on the type o f  in teract ion and i t  is slowly varying
function of  A as compared with the exponential function.
D) The e f fe c t iv e  potentia l is by no means unique, so fa r  as large
angle scatter ing is concerned, as is seen from
i2. V
(* —--------- d3 r -* f  (£) e ( fo r  large I A l )
J ( r3 +a®) n n 1 '
Potential ~  (r^+a8 ) 0 also gives s im i la r  re s u l t ,  since f  (£) is also
slowly varying function of  A.
E) The potentia l  is regular at the o r ig in ,  otherwise the s in g u la r i ty  
at the o r ig in  might result  in a larger cross-section.  The s in g u la r i ty  
of the potential is at an unphysical po int ,  r3 +.a^=0.
Suggested by the above analysis, l e t  us assume ( i) the T-matrix  
relevant to the large angle scatter ing has the form:
TA = ‘  1  J* d*  d4x' °A ^ x* UA^X-X'  ^ °A M x^  (3-3*0
and ( i i )  U(x) is regular at x^ = 0. For s im p l ic i ty ,  we shall assume 
U(x) has a pole at  + as = 0 . ,  that is ,  we shall  assume
6 UA( x - x 1) = - ------   a M a . (3-35)
A ( x - x 1) +a -  i f
and compare the results from these assumptions with experiments. I t  
should be noted that  as must be an invar iant  constant with dimension 
o f  length to insure the r e l a t i v i s t i c  • invariance of the T-matrix.
In momentum space, (3-3*0 together with ( 3 “35) can be w r i t ten
as;
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<  P i Pis I TA I p i pa > UA [u ( p i ) 0 A u(pi)  u (pa)0A u(p|)
-  u (pa) 0A u(p?) u (p i )  0A o(pa-)  ^ 3 (3 -36)
Where ki is the Hanke] function of imaginary argument. For 0A= 1
(s c a la r ) ,  0 .  = iy  (pseudoscalar),  and 0fl=y.. ( v e c to r ) ,  the d i f f e r e n t ia l  
A 5 A  ft
cross section is calculated as
(s  -  (IT a? Us)2 ^(2M3 -  | ) 3 t M . j R ) '  + (2M3 -  -|)‘
( k l ( a ^ ) ) 3 .  \ {(2M= ;  t )S + (2Ms .  u)3 _ ( s _ r f ) 3 } .
kj ( a 'T- t)  kj. ( a /  - 
ut
(3—37a)
(s = (IT a3 Up/  [ -  t t K i ( a V ^ t ) } 3 -  u f t ,  ( a ^ ) ) 3 +
(3-37b)t f T  ki (a \ f - t )  kx (a / -u )^ j
<s = (^ 5^ -  [ | ( f  -  H2)3 + £  *  I f  ( t - u )  +m‘  |  t j a M 5 U a
+ | ( |  - M3 )3 + •£- + K»(u-t) + M*j » + .
+ 8 w  .  4M*. ( S-Ms ) a- <4(4 -  M3) 2!  ■ h  *4
(3-37c)
Where - t  = -  (p® -  px) a , -u = A,s -  (pi  -  Ra)2 , -  s = (p° + p i ) :
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Fig. 5
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The results  of  (3—37a) , (3—37b) and (3“ 37c) are p lo t ted  in 
Figs. 5, 6 and 7 respect ively . Al l  the three cases reproduce the 
features o f  the experimental results . In pseudo scalar case, the 
agreement is rather q u a l i t a t i v e ,  in the scalar case the agreement 
is improved. Vector in teract ion has a bad energy (s) dependence.
Among other possible types of in teract ions,  pseudo-vector 
case gives the same result  as pseudo-scalar case by equivalence theorem, 
but tensor in teract ion gives again bad energy dependence.
B e f o r e  w e  i m p r o v e  t h e  r e s u l t s  o f  ( 3~37) we s h a l l  m a k e  s e v e r a l  
s p e c u l a t i o n s  o n  t h e  p o s s i b l e  o r i g i n  o f  o u r  " g e n e r a l i z e d  p o t e n t i a l " .  
h . F i e l d  T h e o r e t i c a l  C o n s i d e r a t i o n s  o n  E f f e c t i v e  P o t e n t i a l
In th is  section, we would l i k e  to make several speculations 
on the possible or ig in  o f  the "general ized po te n t ia l" ,  eq. (3 -35) .
F i r s t ,  i f  we assume our potent ia l  is due to the exchange of a 
p a r t ic le ,  the propagator o f  the p a r t i c l e  w i l l  have s in g u la r i t ie s  on 
a hyperboloid given by
d i v e r g e n c e  d i f f i c u l t i e s  i n  q u a n t u m  f i e l d  t h e o r y .  I n  o r d e r  t o  a v o i d  
t h e s e  d i f f i c u l t i e s ,  m a n y  a t t e m p t s  w e r e  m a de  t o  i n t r o d u c e  f u n d a m e n t a l  
l e n g t h ,  o r i g i n a l l y  s u g g e s t e d  b y  H e i s e n b e r g ,  i n t o  r e l a t i v i s t i c  t h e o r y .
r ^ + a 3 - ( c t ) 3 =  0  
I n  t h e  c u r r e n t  f i e l d  t h e o r y ,  t h e  p r o p a g a t o r  o f  a  p a r t i c l e
(3-38)
(3-39)
i s  t h e  s u p e r p o s i t i o n  o f  s i n g u l a r  f u n c t i o n s  (x;rr?), a n d  t h e  
s i n g u l a r i t i e s  a r e  o n  t h e t l i g h t  c o n e .  T h i s  l e a d s  t o  w e l l - k n o w n
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R e c e n t l y ,  M a r k o v ^  h a s  p r e s e n t e d  a n  e x a m p l e  o f  s u c h  a  f i e l d  
t h e o r y ,  i n  w h i c h  t h e  s i n g u l a r i t i e s  o f  t h e  p r o p a g a t o r  a r e  n o t  o n  t h e  
l i g h t  c o n e  b u t  o n  a  h y p e r b o l a i d  g i v e n  b y  (3 -39) .  I n  t h i s  w a y ,  h e  
i n t r o d u c e d  f u n d a m e n t a l  l e n g t h  a  i n  h i s  t h e o r y  a n d  a t  t h e  l i m i t  a-*0  
h i s  t h e o r y  r e d u c e s  t o  t h e  u s u a l  o n e .  B u t  wh e n  h i s  p r o p a g a t o r  i s  
e x p r e s s e d  a s  a  s u p e r p o s i t i o n  o f  u s u a l  p r o p a g a t o r s  a s  i n  ( 3 - 3 9 ) ,  
p ( n ? )  c a n  n o  l o n g e r  b e  p o s i t i v e  d e f i n i t e  a n d  t h i s  l e a d s  t o  t h e  
n e c e s s i t y  o f  i n t r o d u c i n g  a  H i l b e r t  s p a c e  w i t h  i n d e f i n i t e  m e t r i c .
A n d  a s  a  r e s u l t ,  t h e  e n e r g y  d e n s i t y  o f  t h e  f i e l d  c a n  n o  l o n g e r  b e  
p o s i t i v e  d e f i n i t e .  H o w e v e r ,  s u c h  a n  i r r e g u l a r i t y  a p p e a r s  o n l y  a t  
s m a l l  d i s t a n c e s  f r o m  t h e  s o u r c e ,  w h i l e  f a . r  a w a y  f r o m  t h e  s o u r c e ,  t h e  
f i e l d  w i l l  b e h a v e  a s  u s u a l  p a r t i c l e .
T h e r e f o r e ,  t h e  c h a r a c t e r i s t i c  b e h a v i o r  o f  s u c h  a h y p o t h e t i c a l  
p a r t i c l e ,  i f  i t  e x i s t s ,  w i l l  b e  o b s e r v e d  o n l y  t h r o u g h  t h e  e f f e c t s  o f  
v i r t . u a !  e m i s s i o n  a n d  a b s o r p t i o n  o f  t h i s  p a r t i c l e  b e t w e e n  t w o  " p r o b e "  
p a r t i c l e s  a t  v e r y  s h o r t  s e p a r a t i o n ;  s u c h  a s  n u c l e o n s  i n  h i g h  e n e r g y  
a n d  l a r g e  a n g l e  s c a t t e r i n g ,  w h e r e  t h e  m e a s u r e  o f  t h e i r  s e p e r a t i o n ,  
t h e  i m p a c t  p a r a m e t e r ,  i s  v e r y  s m a l l .  I n  t h i s  c o n t e x t ,  i t  i s  
i n t e r e s t i n g  t o  a s s u m e  t h a t  t h e  h i g h  e n e r g y  p - p  s c a t t e r i n g  i s  m e d i a t e d  
b y  M a r k o v ' s  h y p o t h e t i c a l  p a r t i c l e ,  a n d  t o  e x a m i n e  t o  w h a t  e x t e n t  t h e  
e x p e r i m e n t a l  r e s u l t s  c a n  b e  r e p r o d u c e d .
O f  c o u r s e ,  t h e  t h e o r y  m i g h t  b e  t o o  s p e c u l a t i v e  t o  b e  c o m p a r e d  
w i t h  e x p e r i m e n t ,  h o w e v e r ,  a s  Y u k a w a ^  p o i n t e d  o u t ,  i n d e f i n i t e  m e t r i c  
t h e o r y ,  s u c h  a s  M a r k o v ' s  c a n  u n d e r  c e r t a i n  c o n d i t i o n s  b e  r e g a r d e d  a s  a
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phenomenological descript ion of extended p a r t ic le s .  In such short
distance c o l l is io n s ,  as large angle p-p scat ter ing ,  many p a r t ic le  
exchange w i l l  be important, and the exchanged p a r t ic le s ,  as a whole, 
are regarded as a single extended p a r t i c le .  Therefore, Markov's 
theory might not be too speculative, i f  we accept i t  as a phenomeno­
logical description of many p a r t ic le  exchange.
With th is  understanding of Markov's theory, le t  us assume that 
the large angle p-p scatter ing w i l l  be described by an exchange of a. 
single Markov p a r t i c le .  The T-matrix  element o f  single Markov p a r t ic le  
exchange is w r i t te n  down as
by s h i f t in g  the s in g u la r i t ie s  from x® = 0 of the propagator of  the 
usual theory
where A , ( t )  is the propagator of Markov's p a r t ic le  which is obtained
i|3(cf + n f - ie )+  iq .xiq. x
00
-21 r  p “ *0 ("?“ 1 0  +
(2ff)4 ^  Jo /F 8 ^
to + a3 = 0, that is:
( 3 - M )
G34
*  (x) ■ m *  *  &  0  e + ' ^
< * ' • &> « >m J x^+a'
or
^  ;  d * ,  j-" *  .  -  | ( < f +"? - |«) *  > $  (3 - *2 )
The Fourrier  transform
^  ( - < f ) = f  e- i q x dx ^ ( x )  = 2 £  d0e ' 0  + 1 f j j
2 a2 k,. (avl . f W ) ( f o r  ^  >  0)
a ^ q3 + mP ^
w i l l  be used in euqation (3 -40) .  Then we get
13-43)
cf! a3 ,  '
<vjPiPs 1T | Pi Pa >  = -  (P i )  0A u ( p i ) u(pa) 0Au(p£)
h t W j F )  . 5(p>) 0a u(p?) =(pi) ^  u(po, M a j g ^u) -I (3- ia)
aN/ rr> — t  ay nq -u J
For m=o, th is  reduces to the same formula as equation (3-36) in the 
previous section. Therefore, the potent ia l  in the previous section is 
j u s t  the same as one p a r t i c le  exchange potentia l in Markov's theory.
For the scalar (0A=1) and the pseudoscaler (0^= iy^) coupling,  
the d i f f e r e n t ia l  cross-sections are given as
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| £  = ( < f ,  * [ ( *  - | ) = .  +
s \ ^  ?r /  L .m -  t
and
+ (2Ma -  - j)3 ^kl " I  [ i  ( t^ + u 3 ) + 2Ms s -  ( |  -2M3 ) |
X ki  (W " ? r t) ki (a yrrrF~~-u_}'~| (3 _45)
\jirP -  t i irriP -  u
2
, tfar ■ f  (a t ) 3 { kx (a  >/nP -  t)j (a u)3 jk i ( a  > /n ^ u jl
V dfl 'ps \^4ff yl 1 + n T T ^ ]
+ a3 tu ki (ay/nP - t )  ki (ay/nP-u ) (3-46)
\/ nP t ’ nP -  u
These resu lts  are p lo t ted  In f igures  (8) and ( 9 ) .  Both cases reproduce
the experimental results  f a i r l y  w e l l .  Especia lly  in the scalar case, 
the f i t  is remarkable up to 70 degrees of the scatter ing angle in CMS, 
as is seen from Fig. 10. The energy(s) dependence of the interference  
term of t -  and u- channel in (3-45)  makes the f i t  in the scalar case 
better  than that of the pseudoscalar case, but the energy dependence 
is s t i l l  not strong enough to make the f i t  b e t te r  up to 90 degrees.
In fac t ,  i f  the s- dependence were much stronger, e .g . ,  i f  we replace
{ ^  ( t 3 + u3 ) + 2Ms -  ( |  -  2M3 ) 2 ) in (3-45) by { ^ ( t 8 + u3 ) +
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(2M3 -  - ) s Cki (a ja f  "u )F  
2 rrP -  u
ki (a fr t^-t )  ki (a\Jn^-u)
(3-47)
We would get remarkable f i t  up to 90 degrees, as is shown in Fig. (11a).
Of course such a modification is quite ad hoc, therefore there is no 
connection with the present approach. But as a pure empirical formula, 
th is  modified cross-section formula works much better  than Orear's  
o r ig in a l  formula, because among 90 experimental points we are now 
a va i lab le ,  48 points are on the predicted curves with in  th e i r  s t a t i s t i c a l  
errors ,  as is seen in Fig. ( l i b ) .
In a l l  cases (equations (3 -4 5 ) ,  ( 3 -4 6 ) ,  and (3 -47))  the value of  
a which is decisive for the slope of the f a l l - o f f  o f  the cross section 
in logarithmic scale, is of the order of mult ip le  pion mass. The large 
angle scattering is insensitive towards v ar ia t ion  of the mass of Markov's 
p a r t i c le ,  while the cross-section at small momentum t ran s fe r  depends 
strongly on the mass. In the case o f  scalar p a r t ic le  exchange, i f  we 
assume the value of  the forward scatter ing amplitude is equal or less than 
the measured real p a r t ,  the mass of  Markov's p a r t ic le  should be 
chosen larger than pion mass.
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IV SUMMARY AND CONCLUSION 
We summarize the conclusions which are derived from our analysis.
(1) Gross features o f  shadow scatter ing in ff -p and p-p scatter ing
display saturated Gaussion d is t r ibut ions  of the in e la s t ic  c o l l is io n
"13matrix, iM. 3 , which is characterized by p «  0 .8  x 10 cm ( mean
I Jb O
square radius of the proton) and p ss0.2  ( , proton comptonc p
wave length).  To ta l ,  tota l e la s t i c  and tota l in e la s t ic  cross sections 
are calculated for ff -p and p-p reaction, s ta r t ing  from the Gaussian 
d is t r ib u t io n ,  the results  thus obtained are in good agreement with 
the experimental data. However, the accuracy in the approximation 
employed in the p a r t ia l  wave analysis of  shadow scatter ing is not 
enough to study large angle scatter ing.
(2) Fourier analysis of Qrear's  empirical formula suggests the 
p o s s ib i l i t y  of describing the large angle p-p scatte r ing  in terms of
a simple e f fe c t iv e  p o te n t ia l ,  and the possible shapes of  the p o te n t ia l .
(3) S tar t ing  from the simplest plausible  r e l a t i v i s t i c  p o te n t ia l ,  
calculations are made for a l l  possible type of in teract ions.  Among 
possible in teract ions,  scalar in teract ion gives the best resu lt .
(4) The proposed phenomenological potentia l is characterized by i ts  
regu la r i ty  at the o r ig in .  This is s imilar  to the potentia l  derived 
from the hypothesis of  Markov-part ic le  exchange. Since Markov's 
theory may be regarded an id ea l iza t ion  o f  many p a r t i c le  exchange, the 
results from Markov's theory are compared in d e ta i l  with experiment. 
Q u a l i ta t iv e ly ,  the results are s imilar  to those obtained from the 
potential given in Sec. ( I l l - 3 ) ,  however they are much improved in
k2
the fol lowing point .  Our phenomenological potential has a long t a i l
J-
which e n t a i l s  the divergence o f  s ( i n  the scalar in teract ion)  at 
0, whereas the potentia l from Markov's theory has f i n i t e  range
Hfr
due to i t s  in t r in s ic  mass, and s is f i n i t e  at A =  0.
(5) In the case o f  Markov-part icl e exchange, the scalar in teraction  
gives a remarkable f i t  up to 70 degrees. However from 70 to 90 degrees, 
the theoret ica l  curve drops o f f  faster than what is experimentally  
observed.
(6) The d i f f e r e n t ia l  cross section obtained from sealar-Markov theory
is improved by increasing the energy dependence (s) in the interference
term. As a matter o f  fact the equation thus obtained works much better
than Orear 's  formula from which we have o r ig in a l l y  s tarted.  In order
to examine this we have p lo t ted  ~  aK dfi versus 0cm curves in Fig. ( l i b ) .
This r e s u l t  can be compared with that o f  Orear's r e s u l t ,  shown in
Fig. ( 1 2 ) .
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:v . DISCUSSION AND OUTLOOK
There may be several objections to the description of  large 
angle e la s t i c  scatter ing by Markov's theory, perhaps the f i r s t  
objection w i l l  be raised against the r e a l i t y  o f  the scatter ing  
amplitude (equation (3-^5) or the improved version (3-^+7)). As was 
pointed out in Sec. (1 1 -2 ) ,  recent experiments show that the real 
part  of the forward amplitude is much larger than what was expected.
I t  is s t i l l  not clear whether the real part is unusually large or not.  
This problem w i l l  be fixed by fur ther  experiments and by precise
/ 1 D\
dispersion theoret ical discussion , however, i t  should be in terest ing
( k )to note, as Orear pointed out,  that the extrapolat ion of  large angle 
cross-section to the forward d irec t ion  roughly coincide with the f o r ­
ward cross-section due to the real par t .  This might be accidenta l,  
yet we feel that th is  p o s s ib i l i t y  must not be excluded. For concreteness 
le t  us take Eq. (3-^7) and evaluate i t  at forward d i rec t ion ,
Since large angle cross-section does not depend strongly on m, one 
can vary m and get a suitable value of  . The essential point is 
that  OJj does not depend on energy. Let f(E) be the forward scatter ing  
amplitude for p-p scatter ing ,  where E is the laboratory energy, then 
using optical theorem and the fac t  that  -* const, at high energies,
(s —  ) = G!j ; 0!j depends only on a and m, the mass of Markov p a r t ic le .
0=0
we get
{ k - \ y
ks
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Although (4-1) is not inconsistent with the present data, more 
conservative view point would have been to tbke T- matr ix  o f  the form
Where AVs are Markov's propagators used as phenomenological po ten t ia ls .
The f i r s t  term gives ju s t  the same resu lt  as scalar Markov-part ic le  
exchange model, but the scatter ing amplitude is no longer purely rea l .  
On tie second term, discussion w i l l  be made below.
Another objection expected in this  connection might be on the 
r e la t io n  between shadow scatter ing and large angle scatter ing .  In 
the analysis given in Chapter I I ,  descript ion of d i f f r a c t io n  region 
( | A j < 1 Bev/c) was out o f  our scope. I t  is conceivable that large
angle scatter ing might be a part  o f  shadow e f fe c t .  But there in an 
indication suggesting that the forward peak and the large angle cross-  
section might be due to d i f fe r e n t  or ig ins: The forward peaks which are
believed to be shadow e f fec ts  have d i f fe r e n t  features in p-p and p-p 
scatter ing ,  but the large angle scatter ing cross section seems to be 
the same. So i t  is not c lear  whether the forward peak and large angle 
slope of  the cross-sections come from the same o r ig in  or not. I f  we 
take the view point that they both come from the same o r ig in ,  then the 
potentia l  approach must be appl icable  to a l l  ranges o f  A  . For such 
considerations the scalar in teract ion is not enough, the second term in 
Eq. (4-2)  is necessary. For av >  ag , mv > ms , the vector coupling 
scheme w i l l  describe the Gaussian f a l l - o f f  o f  the forward peak, and I t
x-x^; a ,m ) dxdx^’ c * c'
(4 -2)
has p r a c t ic a l ly  no contr ibution to the large angle cross-section 
compared to the f i r s t  term. The interference term ar is ing  from mixing 
the scalar and vector in teract ion w i l l  describe the shrinkage and anti  
shrinkage of the d i f f r a c t io n  peaks in p-p and p-p, respectively .
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